ABSTRACT We develop a new discrete-time model, called, the boundary-layer model, to describe the dynamics of'single species that have a capacity for fast growth, at very low population densities, The model explicitly separates the dynamics of the population at very low densities (within the "boundary layer") and at high densities. The boundary-layer model, provides a better fit than other models such as the logistic or the 0 model to data from experimental populations of Drosophila willistoni and D. pseudoobscura.
A fundamental problem in theoretical ecology is the description of the dynamics of single-species populations'. Approaches to this problem can be traced to Verhulst, Pearl, Lotka, and Volterra (for recent reviews, see refs. 1 and 2). The logistic equation and simple modifications of it are the models most commonly used to describe the population dynamics of single species, but they fail to describe adequately the dynamics of even simple laboratory populations of Drosophila. The 0 model (3), which adds a third parameter (0) to the two (r and K) used in the logistic equation, has been shown to provide a reasonably good fit to experimental data, but it fails to account for the very fast rate of population growth observed' in some organisms when their density is very low.
The general form of the logistic and related models is an equation for exponential growth multiplied by a term that expresses intraspecific competition. In the present paper, we develop a new model that explicitly separates population growth into two regions. One region encompasses the population densities at which fecundity is the main limiting factor of population growth-i.e., population densities below what we shall call the "fecundity-saturation" of the environment. The second region encompasses the population densities at which survival in competition for limited resources is the limiting factor-i.e., densities above the capacity of the population for fecundity-saturation of the environment. This new model contains three parameters to which a direct biological interpretation can be given and provides a strikingly better fit than does the logistic or the 6 model to certain data from laboratory populations of Drosophila.
THE MODEL
The model herein developed is a discrete-time model, of the form Nt+ = g(Nt), [1] where Nt is the size of the population at time t. A discrete-time model is used in order to simplify the derivation as well as to make possible* its application to laboratory experiments that provide discrete-time data.
First, we consider the basic features that the model should have. The processes determining the number of organisms at the next census time, in terms of the current population size, are separated into several categories depending on the current population size. At very low population densities (on the order of 1% of the carrying capacity), the population does not have the capacity for fecundity-saturation of the environment and the limitation to growth is determined by fecundity. The range of densities below fecundity-saturation will be called-the "boundary layer. " Within the boundary layer, population size from one census to the next increases rapidly as a function of current population size. At all but these very low densities, the fecundity of the organisms is high enough to saturate the available resources; the environment is then fecundity-saturated, and survival in competition for limited resources is the major determinant of population size from one census to the next. The form of the model at densities above the fecundity-saturation of the environment is the outer solution, which provides for slow changes in population density from census to census. Between the boundary layer and the region governed by the outer solution, there is a transition region where both fecundity and survival play roles.
Previous discrete models of population growth usually are discrete versions of the logistic equation (or of simple modifications of the logistic equation). The logistic equation is based upon a Taylor series, which is a reasonable way to approximate the right-hand side of Eq. 1 if the rate of population growth does not experience sudden changes as a function of population. density. When sudden changes occur, it is appropriate to use a singular-perturbation approach (cf. refs. 4 and 5) . The form of our model is therefore based upon ideas from singular-perturbation theory.
It is simpler to present our model in terms of a nondimensional population size, defined as n = N/K. [2] This transformation simply ensures that at the carrying capacity (N = K), n is 1.
We will advance, first, the form of the model within the boundary layer, then present the outer solution, and, finally, describe how to integrate these two components of the model. This integration will allow us to obtain the solution in the transition region-and to achieve a single model valid for all population densities.
In the boundary layer, when population density is very low, the model~has the form --nt+ = c(l -e-n/E) [3] 1972
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Proc. NatL Acad. Sci. USA 78 (1981) 1973 where E is a small parameter which measures the magnitude of the boundary layer [i.e., the fraction of the range of population densities from 0 to K within which the environment is not fecundity-saturated (see below)] and the constant c, which will be specified later, reflects the population size at the census immediately after the fecundity-saturation is reached. The general form of Eq. 3 incorporates the notion of diminishing returns for each additional individual added to the population. A model of such a-form has been shown (3) to provide a good fit to data from experimental Drosophila populations.
For all values of n, except very low ones (i.e., except those within the boundary layer), we will model population growth by
Eq. 4 is a general exponential model that satisfies the condition that if nt is 1, so is nt,,. The constant b reflects density dependence in the region of the outer solution.
Note that Eq. 3 does not satisfy the condition that nt+1 is 1 whenever nt is equal to 1 and that Eq. 4 does not satisfy the condition that nt+I is 0 whenever nt -is 0. Therefore, neither equation alone provides a uniformly valid model. In order to obtain such a valid model, we must "match" Eq. 3 with Eq. 4 (5).
We will specify that the limit of the right-hand side of Eq.
3 as nje E X be also the limit of the right-hand side of Eq. 4 as nt 0. We then add-the two solutions and subtract their common part (i.e., the limit above) in order to obtain a single solution or model. This procedure forces c in Eq. 3 to be eb and yields the composite model nt+ = eb( -e-nt/E) + eb(l-nt) -eb. [5] This can be rewritten as = eb(e-bne -e-nt/e) [6] or Nt+ I = Keb(e-bN/K -e-Nt/KE) [7] Eq. 7 is the model that we sought. The value of r, which measures the discrete-time intrinsic rate of growth in the logistic equation, can be approximated closely by taking the limit of.n+I/n in Eq. 3 as nt 0, namely er -eble [8] high population levels. This simply implies that the applicability of the model is restricted to population sizes less than several times the carrying capacity. If b is positive, the population overshoots K, whereas if b is negative, K is approached monotonically. This is because b is approximately the natural logarithm of the nondimensional measure of population size at the census after the population reaches the fecundity-saturation density (and the natural logarithm of the nondimensional carrying capacity is, of course, 0).
It should be noted that the form of the model advanced here was suggested by the approximate solution to the singularly perturbed boundary-value problem (4, 5): d2y dy ep+ dx + by = 0;0 <x <1,0< << 1
We identify y with n,+l, and x with n. This solution has the desired properties and requires only three parameters, the same as-the 0 model and only one more than the logistic model.
EXPERIMENTAL RESULTS AND DISCUSSION
We now describe an application of the model by using experimental laboratory populations of Drosophila. The experiments were carried out with each of two species, D. willistoni and D. pseudoobscura, using the type-2 experimental procedure (3).
Briefly, a specified number of adults, Nt, were allowed to lay eggs for 1 week in a half-pint culture with fresh medium. After I week, the survivors were counted and discarded; the adults emerging from the culture were then recorded at 1 week intervals over the following 4-5 weeks, so as to obtain the complete first-generation progeny while avoiding a second generation. The sum of the survivors plus the emerging adults The experimental details are given in ref. 6 , where fits to the data are made by using discrete-time versions of the.logistic Table 1 . Dynamics of experimental populations of D. willistoni and best fit by the boundary-layer model using the parameters given in Table 3. or r b -In e. [9] Note that very small values of E correspond to very large values of r, an inverse relation that we would expect because the greater the intrinsic capacity of growth (r), the lower the density at which the environment will be fecundity-saturated (i.e., the 'smaller the range of densities encompassed within the boundary layer).
By taking the derivative of the right-hand side of Eq. 7, we observe that the equilibrium point, given by N -K, [10] is stable if -1 <b <1, [11] that is, whenever the population size at the generation after saturation lies between K/e and Ke, a condition that will almost certainly be satisfied in any real populations. However, if b is negative, the modelhas a second, unstable, equilibrium at very The change in population numbers after 1 week (AN) is given as the mean ± SEM of 20 observations. Tables 1 and 2. The largest values of R2 obtained in ref. 6 for the logistic, the 6, and related models are around 0.70. In contrast, a similar numerical optimization of R12 for the boundary-layer model yields values of R2 above 0.97. This considerable improvement occurs in spite of the fact that the boundary layer model has no more parameters than the model or some other models used in ref. 6 . The values of AN predicted by the boundary-layer model are given in the third column of Tables 1 and 2 and in Fig. 1 . The values of the various parameters for each one of the two species are given in Table 3 .
It should be noted that experimental data of the kind reported here can be used to obtain estimates of "growth rate" (7) for a population at various densities. The model has been shown to provide good fit for the growth rate of experimental populations of Drosophila, but we are interested in a model that provides good fit to "net productivity" data (see ref. 7)-i.e., to the data directly obtained in type-2 experiments-because the question whether or not growth rate measures population dynamics better than net productivity is moot.
The behavior of the present model as a function of E, which measures the width of the boundary layer, is of great interest. For either species, the value of e is truly small-namely, smaller than 0.02-indicating that fecundity-saturation occurs at densities lesser than 2% of the carrying capacity (K). It should be noted, however, that the dependence of R2 on e is quite weak, because of the scarcity of data points in the boundary layer.
The value of b is positive-forD. willistoni, indicating that the population would overshoot in its approach to K; it is negative for D. pseudoobscura, indicating monotonic increase for this species. In both cases, b is close to 0, evidencing stability in spite of the fact that r, calculated from Eq. 9, is greater than 4 in both cases (see Table 3 ).
Although the values of r for the two species (4.24 for D. willistoni and 4.56 for D. pseudoobscura) are similar, the value of e for D. pseudoobscura is half that for D. willistoni. The value of e may be a better indicator of colonizing ability than the value of r because E indicates how quickly, relative to K, a population reaches its fecundity-saturation density. D. pseudoobscura is a temperate species that maintains very low densities during much of the year but multiplies rapidly in the spring, whereas D. willistoni is a tropical species with relatively small fluctuations in population size throughout the year. The low value of E obtained for D. pseudoobscura is consistent with the notion that this species may be r-selected, so that it can rapidly reach its fecundity-saturation density whenever the environmental conditions are favorable.
Some properties of the present model in relation to other models deserve attention. The logistic and related models use the parameters r and K; the 6-model uses, in addition, a "shape" parameter, 6 . Of these parameters, only K is directly used in the boundary-layer model. The exponential capacity for growth, It seems likely that the boundary-layer model may provide a good description of the population dynamics of organisms with very high fecundity or growth-rate potential, for which the fecundity-saturation of the environment may occur at very low densities. Whether or not this conjecture will be corroborated must wait for future tests. The significance of the model will also depend on the possibility of its extension to other problems, such as multispecies interactions and evolutionary questions.
